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Abstract 

A static, spherically symmetric and purely magnetic solution of the Einstein- Yang- 
Mills-Dilaton theory, found previously by numerical integration is shown to obey 
a system of first order Bogomol'nyi equations. As common for such equations, 
there is a tight relation to supersymmetry, in the present case to the N=4 gauged 
SU(2)xSU(2) supergravity of Freedman and Schwarz. Specifically, the dilaton po- 
tential of the latter can be avoided by choosing one of the two gauge coupling 
constants to be imaginary. It is argued that this corresponds to a hitherto unknown 
N=4 gauged SU(2)xSU(l,l) supergravity in four Euclidean dimensions leading to 
Bogomol'nyi equations with asymptotically flat solutions. 
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Introduction.— Supergravity backgrounds play an important role in the anal- 
ysis of string theory. Besides genuine fully supersymmetric string vacua, also 
particle like solutions with partial supersymmctry (p-branes, monopoles etc. 
[6]) are presently obtaining much consideration, in particular in view of their 
role in verifying various duality conjectures [8]. However, apart from stringy 
monopoles and the related solutions [6] obtained via the hctcrotic five-brane 
construction [11], most of the literature is devoted to solutions with Abelian 
gauge fields. This is easily understood, since such configurations can be ob- 
tained straightforwardly from the known solutions of the Einstein-Maxwell 
system. On the other hand, it is to be expected that also configurations with 
non-Abelian gauge fields will eventually play an important role. In addition, 
gauged supergravity models have recently regained considerable interest in 
view of the AdS/CFT correspondence [10], which also suggests studying clas- 
sical solutions of supergravities with non-Abelian gauge fields. 

The incompleteness of the Abelian picture can be observed already in the (non- 
supersymmetric) Einstein- Yang-Mills (EYM) theory. A number of interesting 
results have been obtained after the discovery in this theory of particle-like 
solutions by Bartnik and McKinnon [1] (see [12] for a recent review). In view 
of the complexity of the field equations even in the case of static, spherically 
symmetric solutions, our knowledge is largely based on numerical analysis. 
Nevertheless many interesting and partly surprising results are available as 
well on globally regular solutions as on black holes with 'non-Abelian hair'. In 
particular they show that a number of the standard electrovacuum theorems 
do not apply in the non-Abelian domain: 

• The Birkhoff Theorem is not valid, i.e. there are time-dependent spherically 
symmetric solutions. 

• There exist globally regular, asymptotically flat static solutions. 

• Static black holes are not uniquely specified by their mass and their 'gauge' 
charges - the 'No Hair' Conjecture is violated. 

• Static black holes are not necessarily spherically symmetric - Israel's theo- 
rems do not apply. 

• Non-rotating stationary black holes are not necessarily static - the Abelian 
staticity conjecture does not apply. 

In view of these results it becomes clear that experience gained in the Abelian 
domain is not universal, and the non-Abelian sector therefore should also be 
studied. 

We consider in this paper certain particle- like solutions of the coupled Einstein- 
Yang-Mills-dilaton (EYMD) system. These solutions were obtained numeri- 
cally some time ago [9,5,2]. They are static, spherically symmetric, globally 
regular, asymptotically flat and neutral - with the purely magnetic Yang-Mills 
(YM) field strength decaying as 1/r^ for r — > oo. In view of their instability 



2 



and owing to some topological considerations these solutions may be justly 
considered as a kind of 'gravitational sphalerons' [12]. There is an infinite dis- 
crete family of such solutions labeled by the node number n of the gauge field 
amphtude. Let us call these solutions EYMD solitons. A very special role is 
played by the lowest non-trivial - the n — 1 - solution. Its parameters show 
some surprising regularities absent for all the higher (n > 1) solutions, leading 
to the hope [9] to find this solution by analytical methods. One may speculate 
that the field equations in this special case have some hidden symmetry. In 
fact, we shall argue in the following that this hidden symmetry is super symme- 
try, although the corresponding supergravity is not the naively expected one 
related to heterotic string theory, for which the gauge field has to be self-dual 
in order to have partial supersymmetry [11]. 

In the recent work [3,4] non-Abelian partially supersymmetric solutions were 
obtained within the N=4 SU(2) xSU(2) gauged supergravity theory, also known 
as Freedman-Schwarz (FS) model [7]. In the bosonic sector this theory con- 
tains the gravitational field, two non-Abelian gauge fields and Ajf)'^ with 
two independent gauge coupling constants gi and g2, an axion and a dilaton. 
One can consistently truncate this theory by requiring that = 0, while 
A^^^"' is purely magnetic, in which case the axion can be set to zero too. As 
a result, the bosonic part of the action reduces to the action of the EYMD 
theory plus a potential term for the dilaton: 

U{<p) = -l{g! + gi)e-"f. (1) 

The procedure to find the solutions applied in [3,4] was to derive the Bo- 
gomol'nyi equations for partially supersymmetric configurations. The corre- 
sponding solutions are globally regular (and globally hyperbolic), but not 
asymptotically flat - due to the presence of the dilaton potential (1). 

Our strategy to obtain the Bogomol'nyi equation in the EYMD theory is to 
'supersymmetrize' the latter by deriving it from the FS model, which will 
allow us to apply the same techniques as in the FS case. Accordingly, we need 
to get rid of the potential term in Eq.(l), and we do this by considering the 
FS model for imaginary values of the gauge coupling constant g2: 

g2^i\g2\- (2) 

For I 1 ~ gi the potential vanishes, and we recover the EYMD theory. The 
main point is that, apart from the correct EYMD Lagrangian, we obtain in 
this way, at least formally, also the rules for computing fermionic supersym- 
metry variations. Setting the latter to zero gives us the equations for the 
supersymmetry Killing spinors, whose consistency conditions can be formu- 
lated as a set of flrst order equations for the background flelds, and these are 
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compatible with the second order field equations. The n = 1 EYMD soliton 
fulfils these Bogomol'nyi equations and possesses two unbroken supersymme- 
trics thus showing that our formal procedure makes sense, although to our 
disappointment we are still not able to write down the solution in a simple 
analytical form. 

As a result, we add one more member to the (small) family of known super- 
symmetric solutions for gravitating non-Abelian gauge fields. As is usual in 
this family, the new solution exhibits some surprising features. First, it is quite 
bizarre that such a solution arises in a theory without a dilaton potential, the 
latter being generically present in all gauged supergravity models. Besides, 
one can wonder as to whether the solution is supersymmetric at all, since the 
'imaginary trick' employed to obtain it is a rather formal operation. On top 
of all, a certain puzzle arises, for if the solution is supersymmetric then one 
needs to reconcile this with the fact that it is unstable. The answer to all these 
questions we shall offer is that there is in fact a new N=4 gauged supergrav- 
ity with gauge group SU(2) xSU(l,l) and vanishing dilaton potential in a 4d 
Euclidean space. 

The EYMD model.- Consider the EYM-Dilaton system specified by the 
action 

S^J (-^i? + ^a>a'^(/.-^e2^F;,F''^^) v^c^^x. (3) 

Here the gauge field tensor is given by = d^A^ — dyA'^^ + eabcA''^A1, and 
the gauge field is ^4 = TaAl^dx^, where the SU(2) group generators obey 

[Ta, Tfe] = iSabcTc- 

Let us consider the reduction to static, spherically symmetric configurations. 
We choose the 4-metric as 

ds'' = e^^ dt'' - e"^ dr^ - e'"' {d0^ + sin^ 9 dcp'') , (4) 

where a gauge condition can be imposed on the functions V, A, and /i. For the 
Yang- Mills field we make the usual purely magnetic ansatz 

A^w (-T2 d9 + Ti sin 9 dif) + T3 cos 9 d(p. (5) 

All the functions V, A, /i, w as well as the dilaton (p depend only on the radial 
coordinate r. Varying the action before fixing the gauge in the line element, 
we obtain the complete set of the field equations 

e^'^ + - 0'^) = 2e'"l' w''' + e^^ (l - e^t"'"' {w'' - if) , (6) 
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= e^+^ (l - e'"!'-^^ {w'' - if) , (7) 

(e^-^+2'^(y'-0'))' = O; (10) 

(all through this paper ' := ^). We note that the last equation can be regarded 
as a Noether conservation law implied by the invariance of the action under 
global dilatations 

V ^ V + e, A^A — e, /i^/i — e, 0^0 — e, w^w. (11) 



As a consequence, for globally regular solutions the following condition can be 
imposed: 

y = 0-(/)oo (12) 



with = (j){oo). For many purposes it is convenient to implement the 
Schwarzshild gauge, /i — t, such that the geometrical radius r — e^. In- 
troducing the notation u = e^~^ and using Eq.(12), the metric reads 

ds^ = e2(<^-*-) dt"" - e^- + dnA . (13) 



It is convenient to introduce the new variable ip — (p — t. As a result, the 
independent field equations are obtained from (8), (9): 

+ (l - e'^f'iw^ - If) ^' + 1 = 2u^e''^w'^ + 2e''^{w^ - if , (14) 
ly^w" + (l - e^^{w^ - If + 2i/V) w' = w{w^ - 1) , (15) 

where u is specified by the constraint equation 

I_e2'^(w2-1)2 

u = — (16) 

2 - - 2e^^w'^ ' ^ ^ 

which is given by Eq.(6), while Eq.(7) is a consequence of these equations. We 
note that the dilatational symmetry (11) now reduces simply to the invariance 
under r — > r + e, which is due to the autonomy of Eqs.(14,15). 

Numerical results.— The numerical analysis of Eqs.(14)-(16) shows the 
existence of an infinite sequence of asymptotically flat and globally regular 
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Fig. 1. The functions w{r), 4>{r) and u{r) of the n = 1 EYMD soliton solution. 

solutions; we call them EYMD solitons. They exist in the whole interval 
r G {—oo, oo) corresponding to r = e"^ G [0, oo) and are parameterized by 
an integer n — 1,2,... , the number of zeros of the YM-potential w. Regular 
solutions of Eqs. (14-16) have to tend to fixed points of these equations for 
r ±oo. The relevant fixed point for solutions with a regular origin is given 
hj w = ±1, w' = 0, ilj = (f) — T = +00, ip' = 1. Actually we may use the 
symmetry w — > —w to select w = 1 at r = 0. On the other hand the asymp- 
totic behaviour at infinity is determined by the fixed point w — ±1, w' — 0, 
ijj — — oo, ijj' — 1. In both limits one has u — 1. 

Since these are 'hyperbolic' fixed points some further relations between the 
otherwise independent functions w and ip are required - they have to stay 
on the 'stable manifold' of these fixed points. Near the origin, r — > — oo, this 
implies 

w = l-be^^ + 0(e^"), iP = (j)-T = -T + (j)Q + 2b^e^^ + 0(e^"), (17) 

with some arbitrary parameters b and (po', one can use the dilatational invari- 
ance to set 4>o = 0. At infinity, t —>■ +oo, one gets 

w = ± (l - ce-^) + 0(e-^^), -0 = -T + - Me-^ + 0{e-^^), (18) 

with arbitrary c, 0oo) and M. The 'dilaton charge' M in our case coincides with 
the ADM mass. Prom the local point of view all the parameters 6, (p^o: c, and 
M are arbitrary, but for globally regular solutions they are fixed completely 
specifying the node number n. 

In general the numerically determined parameters of the globally regular so- 
lutions show no particular regularities apart from the n — 1 solution [9] . With 
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great numerical precision one finds 

b^l and c = 2M. (19) 
6 

As already pointed out in the introduction, this suggests that there is some 
hidden symmetry in the system, for which the n — 1 solution (see Fig.l) plays 
a special role. 

Supersymmetry.— We consider the bosonic part of the FS action [7]: 



-Ui: Fi'^'' ^F^'^"'"^ + I {gl + gl) e-A^^d^x. (20) 



A=l 



Here F^^^" = d^.A'^^^"- - d^A^^^"- + gx Sabc A''^'^^ A^^'^'' (there is no summation over 
A = 1,2), and *F'^°' is the dual tensor. One can consistently set A^^^'^ = 0. 
If the field A^^^"" is purely magnetic then the invariant *FF vanishes, and the 
axion a can be set to zero too. With a suitable rescahng one can achieve the 
condition gi — 1. Denoting Aj/^" by A^ and g2 by q, the FS action reduces to 



/^e-^V=gdV (21) 



where 5" is the EYMD action (3). 

In the fermionic sector the FS model contains four Majorana spin-3/2 fields 
■ipn = ipj^ {1 = 1, . . . 4) and four spin- 1/2 fields x = X^- One can consistently set 
the fermions to zero, however, this does not imply that their supersymmetry 
variations vanish: 

= erd^<l> -\ef IF,, 7^ + \ e"^ e (1 + iq^,), (22) 
5i>, ^iD,-^e^-e F,, 7, 7'^7'^ + -i^ e"^ e (1 + iq^,) 7^, (23) 



where 

e-S, = e('a,-^a;/^7a7/J + ^T„A«), F^, = t„F;,. (24) 



Here e = e are spinor parameters of the supersymmetry transformations. 
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c<j^°^ is the spin-connection, and Tq are generators of the SU(2) subgroup of 
SU(2)xSU(2). 

Thus a bosonic configuration is invariant under supersymmetry transforma- 
tions if one can find non-trivial e's such that 5x — S'^^p — 0. Setting the 
left-hand sides of (22) and (23) to zero, the invariance condition becomes 
a system of linear equations for the e's. These equations are called super- 
symmetry constraints and their solutions are supersymmetry Killing spinors. 
Generically the constraint equations are inconsistent. However, one can ana- 
lyze the consistency conditions under which non-trivial solutions for the e's 
exist. These conditions can be given in the form of a set of nonlinear first order 
differential equations for the underlying bosonic configuration - usually called 
Bogomol'nyi equations. Due to supersymmetry they are automatically com- 
patible with the second order equations of motion following from the action 
(21). 

The supersymmetry constraints in the model (21)-(24) were analyzed in [3,4]. 
It was found that if the boson fields are chosen according to Eqs.(4,5) then 
non-trivial solutions of the consistency conditions exist, provided that the sec- 
ond gauge coupling constant q vanishes. These Bogomol'nyi equations turned 
out to be integrable in closed form. Their solution describes a geodcsically 
complete and globally hyperbolic spacetime with a BPS monopole type YM 
field (which is somewhat mysterious since there is no Higgs field) and four 
independent supersymmetry Killing spinors. However, due to the dilaton po- 
tential in (21), this solution is not asymptotically flat. 

In order to get rid of the potential in the action (21), let us consider the 
replacement 

q^is (25) 



with real s. Obviously, for s = 1 the potential vanishes - the situation wc 
are aiming at. At the same time, setting in (22) and (23) q = is gives us 
non-trivial supersymmetry variations for the fermions. It remains unclear for 
the time being whether such an 'analytic continuation' of the supersymmetry 
transformations is a legitimate procedure, and whether the resulting transfor- 
mations indeed belong to a supersymmetry algebra. However, we temporarily 
ignore the problem and go on setting the resulting variations 5% and Sipp to 
zero in order to obtain the supersymmetry constraints. The analysis of the lat- 
ter proceeds essentially along the same lines as in the case for real q [4]. One 
finds that in the static, spherically symmetric, purely magnetic case, when 
the boson fields are chosen according to (4) and (5), the supersymmetry con- 
straints with q = is can be made consistent for any real s. The corresponding 
consistency conditions are given by the relations 
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- 2(5 - if = - 2s^ 

(S + l)2-A2 = (siFCf, 

(A + B + l)(Du + V2{B - 1)) + (s^ C){V2s ^ Dw) = 0. (26) 
Here the following abbreviations are introduced: 

A = 2V2i/e^(V'' + l), S = 2e^'^(^w2 - 1), C = L> = 4e'^. (27) 



Under these conditions and for s there exist two independent supersym- 
mctry Killing spinors. For s = the number of supcrsymmctries doubles, 
and Eqs.(26) reduce to the Bogomol'nyi equations studied in [3,4]. With some 
labour one can verify that for any s equations (26) arc compatible with the 
second order field equations for the action (21). For s ^ one may without 
loss of generality assume that s > 0. One can also choose the upper sign in 
(26), since the other option is recovered by replacing w — > —w. 

We are interested in the case where s = 1, since then the dilaton potential 
vanishes and the theory (21) reduces to our EYMD model (3). The supersym- 
metry constraints (26) in this case can be expressed in the form 



2^/2=^/;2 + l + e2^(^/;'-l)^ (28) 

.^'^-u+iB + D ^^^^-'^-^ , (29) 
23 — 1 — 8 wu e^^ 

vw' = -2i/2 (^' + 2) + + 1 (30) 

with B from (27). One can verify that these Bogomol'nyi equations are com- 
patible with Eqs.(14)-(16). Studying the power-series solutions to these equa- 
tions in the vicinity of the origin and at infinity, one immediately recovers the 
relations in (19). As a result, all hidden symmetries are now identified and the 
last remaining question is whether we can actually solve equations (28)-(30). 

The Bogomol'nyi equations.— Eqs.(28)-(30) look rather comphcated. How- 
ever, remarkable simplifications are possible. With the help of Eq.(28) ip on 
the right hand sides of Eqs.(29) and (30) can be expressed in terms of v"^ and 
w^, such that the equations assume the form 

,/=«£M, (31) 



where Qk{i^) and Rkiv) are fc-th order polynomials in v with coefficients de- 
pending on w. Surprisingly, each pair of polynomials in the ratios in (31) turns 
out to have a common root thus leading to some cancellations. Next, one ex- 
presses ■0' in (31) in terms of w'^ and v'^ and their derivatives, and after this u 
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can be expressed in terms of a new function U via v — (U + w)/2. As a result, 
Eqs.(28)-(30) reduce to 




(32) 



(33) 



(34) 



Here the new coordinate ^ is related to the old one, r, via d^/^ = dT/u, such 
that the metric assumes the form 



where and r are now functions of ^. We note that (f) — ijj + r and ijj is 
expressed via U and w by comparing Eqs.(28) and (32). 

Now, we have two independent equations, these are Eqs.(33) and (34), and 
taking their ratio the problem reduces to one non-autonomous equation 



This ODE can be transformed to an Abel equation of the first kind, but 
unfortunately not of a soluble type. The boundary conditions (17) and (18) 
imply that as w varies from one (the origin) to minus one (infinity), U{w) 
increases from U{1) — 1 to U{—1) — 3. 

Remarkably, Eqs. (33,34) admit the integrable combination 




(35) 



dU _ {U^ -1){U^ + 2Uuj -3) 
dw ~ (w2 - l){Uw - 1) 



(36) 



2 dw 



dU 



(37) 



w 



'2-1 



t/2 - 1 



yielding 




(38) 



and this allows us to separate the equations in (33,34) to 

I dw _l-w'^ {w + If {w - If 



(39) 



2i di Ae 8 8^^ 
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This equation admits the discrete symmetry 

C ^ ^, w^-w. (40) 

It is worth noting in this connection that ^ — > 1/^ is a symmetry of the 
line clement (35). We note also that (39) is an Abel equation of the first 
kind, but unfortunately again not of any soluble type. For the regular soliton 
configuration we are interested in the asymptotic expansions of the solution 
are 



^ 2^2 2-23 ^4 2-13 . 2-9337 ^8 



2\/2 2 2^2 2 C 



^ = + + ' (42) 



where the value of the free parameter C should be suitably chosen: C = Creg- 
Comparing (42) with the expansion in Eq.(18) one finds Creg = 2v/2(l — 
4e^'^°=/M^) —31.15. The numerical analysis confirms that the global solution 
w{^) in the interval ^ e [0, oo) with such asymptotics exists. This solution is 
related to the one for w{r) shown in Fig.l via a finite (position dependent) 
rescaling of the argument. 

In the generic case the asymptotic solution for large ^ is given by (42) with 
C 7^ Creg-i whilc the generic regular solution near ^ = is obtained from (42) 
by applying the symmetry transformation (40): 



w 



1-2^2^ + 2^ -2V2^3 + 2^^-,B^^ + ... , (43) 



where B is another free parameter. Such solutions lead to a singular four- 
geometry. 

Note that the emergence of the strange prime numbers in the expansion at 
the origin in (41) makes it appear unlikely that the analytical solution can be 
represented as w{^) in a simple closed form. The same problem arises if one 
tries to look for the solution as u'(r), or w{U), etc. The strange prime numbers 
appear in general also in the higher order terms in the expansion at infinity 
in (42). However, for one particular choice, C — 2-\/2, all of them cancel, and 
one obtains the simple solution 

i-2^i+e .... 

w = ^—^5 . (44) 



Notice that this is invariant under (40). Unfortunately, apart from the fact 
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that this is not the solution we are looking for, this solution is unacceptable, 
since it leads to e^'^ = 0. 



To recapitulate, assuming that we find the solution w = w{^) of the first 
order Bogomol'nyi equation (39) with the asymptotic behaviour (41,42), the 
full configuration is reconstructed as follows. One computes 



and 

TK) = ln(20+/(^^-l)f, (46) 

^ 



where the additive constant is chosen such that the dilaton 
^(0-r(0 + -ln^ ^ 2(^1^-1)^ J 



vanishes at the origin. The spacetime metric is given by Eq.(35) whereas the 
gauge field is obtained from Eq.(5). There are two supersymmetry Killing 
spinors for this configuration. The solution describes a localized globally reg- 
ular object - a supersymmetric 'gravitational sphaleron'. By numerical inte- 
gration one finds its mass to be 

Ma; 1.4657, (48) 



while the value of the dilaton at infinity ^oo ~ 0.9322. 

Concluding remarks.— Employing a simple 'imaginary trick' we were able to 
modify the Bogomol'nyi equations of [3] to cover the case of the EYMD theory, 
which has no dilaton potential. The deeper reason why this trick works is the 
existence of a hitherto unknown Euclidean version of the FS model with gauge 
group SU(2) xSU(l,l), whose special truncation coincides with the static and 
purely magnetic sector of the EYMD theory. The details of this new FS model 
will be given in a forthcoming publication [13]. In particular it will be shown 
that this new N=4 supergravity can be embedded into the standard N=l 
supergravity in ten dimensions using the SU(2)xSU(l,l) group manifold as an 
internal space. Taking the negative of the Killing metric of the SU(1,1) factor 
for the embedding, the contributions to the dilaton potential arising from the 
two factors cancel out, while the metric of the 4-space becomes Euchdean. 
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When the SU(1,1) gauge field of the new supergravity theory is truncated, 
while the SU(2) one is purely magnetic and the whole configuration is as- 
sumed to be independent of the Euclidean time, the bosonic field equations 
reduce to those of the EYMD theory in the static and purely magnetic case. At 
the same time the fermionic supersymmetry transformations exactly coincide 
with those obtained above via the 'imaginary trick'. As a result, the described 
above solution of the EYMD theory can be viewed as a solution of the new 
supergravity model, within which it becomes truly supersymmetric. We note 
that there is no paradox with the instability of the solution, since the instabil- 
ity occurs within the Lorenzian EYMD theory, which is not supersymmetric 
apart from its static and purely magnetic sector. 
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